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ARSTRACT

‘¼
A system of approximate surface wave equations employed in an earlier

treatment of the ref lection of straight—crested surface waves by arrays of

reflecting strips is extended to the case of variable—crested surface waves.

Although the basic straight—crested surface wave velocities are determined

as in the previous treatment , in the present case a reduction in straight-

crested surface wave velocity in the unp iated region due to the adjacent

plated regions, which is essential for the existence of the guided transverse

modes , is determined by means of a perturbation procedure. The attendant

depth dependence for each region is employed in  the variational princ iple as

in the earl ier treatment , but now the variable cresting relation for the

isotropic subs trate is incorporated in the descript ion . The resulting equa-

tions arc applied  in the determination of both the transverse modes in each

region and the transmission line representation of each mode . The transverse

waventmibcrs in a given mode are taken t ’  be the same in the riated and un—

plated r eg i on s  in  order that the interior edge conditions be satisfied

po lntwise . Th.~ system of parallel transutission lines is applied in the

analysis of  the reflecti’~n of variable—crested surface waves by uniformly

spaced arrays . The response to  a r e c t a n g u l a r  input of a particular reflect-

ing array con~ i c t i ng of ali.miintus reflecting strips on ST—cut quartz is

calculated and ccmipared with measurements.
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1. Introduction

The reflection of surface waves in high Q acoustic surface wave reson—

ators is achieved by employing periodic arrays of reflecting strips (or

grooves) which reflect almost all of the energy in an incident surface wave

as a surface wave , i .e., withou t much scattering into bulk waves , when the

wavelength matches the spacing. Considerable work has been done’7 in the

description of such device structures . In all of those treatments
1 6  

model

parameters are measured which are never related to the fundamental material

constants. Tn an earlier work , a system of approx~mate one-dimensiona l sur-

face wave equations and edge conditions in a single ‘;calar variable was de-

rived from the variationa l princ iple of linear pie~~~ lec t ricity and applied

in the analysis ~f the reflection of surface waves by arrays of reflecting

strips . These apprc~xirna te equat1~~ns are expressed i n  terms ~f the known

fundamental material constants and n’ m easurement of model parameters is re—

‘Tu~ red. However , it should be noted that scattering In tl bulk waves has been

1—~’ignored in all ~f the a bov e — m en t io n ’ 1  t r e a t m e n t s  . This scattering has

been inc1uded~~~ in more fundamental stud ics of the reflect ~r. - f surface

waves from ‘m.~ll surface impedance discont inuities , but this worI~ cannot

readily be extended o the treatment of ‘h ’~ large number of discont inu ities

encountered in a reflective array as noted in Ref . alono with the fact that

A- 10
certain results that could in princ iple be obtained from that work could

be of considerable value in extend i ng the treatment presented here to inc lude

scattering ~°c’ .

In a previous paper i t  was pointed out~~ that surface waves encounter-

ing reflective arrays of strips are not straight—crested but are variable—

crested on account of the finite width of the strips , which causes transverse

modes to propagate in the array. However , all of the aforementioned

p

~~~~~1
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2 .

treatments
1 

are for straiqhr—crto;ted surface waves only. Recently,

analyticai work ” 
£4 

has been don,’ on transverse modes in acoustic surface

wave reflec .’i; arrays , all of which uses coupled mode scalar wave equations

with model parameters that are measured and never related to the fundamental

material - orl s’~ints .

In th is ; tpt’r the system of approximate surface wave equations employed

in the earl~ t r ~i”atmtnt of the ref1,’ct~ on of s t r a i g h t — c r e s t e d  surface  waves

by arrays - f r .r looting strips is •xtonde d tI the cast of variable—crested

surface  waves .  ks i~~ tbe St m i!~~ - o r t s ’  .d case ‘h .~ o- equ a t i ons  are expressed

in terms ? -  fundamen tal ma~~ m ~ j •c ’an ’ an l n~ measure ment of model

parame’ i is r . ’~~u i r . ’ - l . A l t l~l 1 ; !. ‘~~
-. t bai, i straight— crested surface wave

veloc i t  ic s  i~ ‘ i t -  ~“rr I fl4~~~ as ‘ ~~. ; - t  t v  us r ‘ - a t r w n t  • ~n the present case

a .“ i r i ~~ i - n  in  c r i . 1  1 ; ~~. ’ — - r .~~;t  ‘ i  sur a - c way, veloc ity in the unplated region

j u t  t -  ~! ‘ ~- l ) t  • l - ~’’ w I l ~~ - ,s ,-ss ,’nt jal for the exintence of

th e  guided t :  l~~~v ’ r i ~.’ modes, is I. ‘r~ .in’ d by r~ii ans of a • - r turb-a t ion pro—

0 , ~ ‘ s aew ime - i n  n o r  , ‘an.  in  ‘~~ o r~’ r a i g h t — ror t ‘d surface wave

- - i t  y i , . ; l - i .- r e -~ (‘n j u t -  - * ~~~. al a~ ‘ i t  ‘ :~~‘ 1 a ted  r e g i o n  s found .

‘ . ~~~ • . • . -  
~~~~~ .•~ ‘~~; l e~ - . r oj e n -e 

~ r t a  h region i n  r’ri~~l yod in the variational

pr irn ipl e - i ’ in the .‘arLer trea riw’nr , l~ ;’ now th variablr cresting rela—

t~ ‘n f r  ii- ~ c c t y -  i c ct r at p 1 
‘~~~~~ is incorporated in the description .

This 1so ’r-; ’~ c i;- ; x~~m n a t i o n  for ’l . variable cresting is employed because

var iitie- - r .c !ed surface wave soluti on s of the three—dimen sional equations

for anic ‘‘ - imoi ’’ri als have n t  been determined . This approximation is

deemed n’ ’ t have  an a ; ;  ‘e~~iable effec t on a calculation primarily because

the  eas en ’ al anis ~- tro ; y is s t i l l  r e t a i ne d  i n  ‘ho equations. The resulting

.qua t i -”nc  are app li - ‘-1 in th. determination of both  the transverse modes in

each T e n o r  arw i ‘~~~e ~ransmiasion line representation of each mode. The

r  
_ _ _ _ _ _
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3 .

transverse wave numbers in a given mode are taken to be the same in the plated

and unplated regions in order that the interior edge conditions be satisfied

pointwise. The system of parallel transmission lines is applied in the

analysis of the reflection of variable-crested surface waves by uniformly

spaced arrays. The response to a rectangular input of a particular reflecting

array consisting of aluminum reflecting strips ‘ii ST—cut quartz is calculated .

The calculati~ ns clearly reveal the existence of resonance peaks on the high

frequency side (‘f the fundamental resonance , as observed by Staples and

Smythe
1
. The calculated spacin n of the peaks is in reasonably good agree-

ment with the measured values . We believe the 1igreement would i-c improved

if a non , accura te dispersion curve for the aluminum film on the quartz sub-

strate were employed because the wavelengths un.-d in the experiments were a

little too short for the thin film approximation
1 

‘~~~~~ emp loyed in  the  calcu-

lations . In addition , for a ~niven reflection coefficient we find that the

number -~~-~~ r e f le c t in g  s t ri p s  for  the  f u nd a m en t a l  v a r i a b l e— c r e s t e d  mode is

larger than w . -  found earlier in the n r i i g h t - r~~stt ’d case . This is essenti-

ally a result of the newly define-i velociti°s in each region , which are

required for ‘h’ energy t -  be c o n f i n e d . Furtherrs-r,’ , ‘n account  of c e r t a i n

obse rva t ions  r ’  t ’n t l y  ma le • we show that although the amplitude of the

fundamental transvcrsr mode has an i n f l i  - t - i o n  poin t at the edge of the strip ,

the power has in inflect .on point well inside the edge of the strip.

2. Straight-Cres ted Surface Waves

Solutions satisfying the differential equations and boundary conditions

of linear e~ - -’elertririty for straight—crested acougtic surface waves may be

written in the form 

~~~~~~~~~ - - - ~~~~~ ~~~~~~~~ -
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-

~~~

- - -—-‘-

i~ ‘x j~~(X — i t )\ (in) (in ) is - 1u . / C A. e e
I

rn—i

-~~ iB  ‘x i~~(x — u t )
— 

~~~~~ 

~~ ‘e , (2.1)

for propagation in the direc tion x 1 , wit h x
2 

norma l • thi’ surface. For a

- ( i s)  (in ) (in ) -given set of boundary condtt~ cns values of C • 
~~~~~~~~~~

, A
4 

and 
~

‘ are de-

te rmined  nume r l o u  ly .  These c a l c u l a t  ic’ns h av e  been ; o r  f n m l f o r  t h i n  alumi-

num films on $~~~ ut ~~a i t :
0

, and tht -linpersion ~ u r vt ’ r ; ( b t a l n ( - c i  are plotted

in Fig. 1 . }io ’wt -v. ’ r , the  r e s u l t  i ng c h i n , ’  v’ loc it it’ s a r t -  c i t  l u - i  f o r  the com-

pletely fr .- .~~~~ - -orirp let~~i y ; 1 a t e d subst r i te , and i n  the  c a s e  of the reflecting

array the ‘;ubn!r ,~t,- i s or..y ;-trt i al l y ~- 1 a t , - l , an shown in Fiu .~’. Consequently,

we mu st  f i n d  the pha se  v o l o o i t i e c  i n  the  u n pla te d  r ” u i on s  when t h e  ad jac e n t

r e ;  I on ‘i a r e  c i  itt ’ d ar-wi i n  the ;- I a t  i ’d r t ’~ n ons ~ l t  -n  the  ad i a c . - ”  t r t ’u us  are

unp lated in  ‘r l ’ - r  t o  -btaln ‘he approxlrr a’i orr fac,’ wave e~uit ion~ and edue

cond i •

When ‘h i-  ; - I a ’  ing  in  non  o~~n l r n - t  nq • hi  mean phase velocity -vt- i a wave-

length f o r  a ; ar ’ li~ ly  p i t e d  s u b s t r a t i  may readil y be ietir-r ~ined by swans

of a perturba tion procedure. We d.’ t eni~i n ’-  the  mean velocity only at resonance ,

i .e. • when the h a l f  wave~ enu ’h equals the periodicity, because the result

thus found will hold  f o r  all longer wavelengths and t h ~ nearby ;h ’rter ones

-
~f interest. It has been shown

20 
that the reduction in mean surface wave

ve lo c i t y  ,.V r
~ i s  u i v en  by

— ~~~~~~~~~~~ (2 .’)

where V
1 

is the free unperturbed surface wave velocity and

_
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~ 1~ 2r ’ 4 . ’ ( ‘ 1 + ,
~~~) 2’~ 1 1.H

1 ~~~~~~~~~~~~~~~~~~~~~~~ ,
~~~~ + 2,.’ 

— ~ ‘V 1 g1g1 
—

° x
2—O 

- ~‘v~g~ g~~ + (~~‘ - ~‘V )g~ g~~~ , (2 .3)

where T2~ 
is given in Eq. (4.1) of Ref.20, ; ‘ , \ ‘  and ~i ’ are the mass density

and Lame~ constants for the film material and the q
1 

are  the normal ized  me-

chanical disp lacement components for the sur face wave eiqensolution for the

frci’ substrate , which are defined by

— U - N , (2,4)
I ~ I

where

4 4 (in ) r~~ ( n ) i  (n)’
I ” ~ 

A~, C
— — ‘ 2. ——  , (‘.S)I -~~ L

rn—i n 1  (t’ r,.

and denotes - org lox - :‘, -u’:ate . ~‘h.- fori-~n e in ’ equations clearly show that

the reduction ~n ni’ ,in  ~;u r f a oe w ay ,  velocity ~V :s d i r e c t l y  r -  ~~‘ rtional t o  21 ,

the p’ r ’ ion  - ‘t t h e  ;u rf a- - . p l a t i ’  I in 1 w av e l en g t h . As shown in Ref,2 (i if

F~;. (2 .~~) is used ~te rativeiy , t h e  r e su l t ~~: : - l i s ; ’e r s ’o’n I r the fully plated

case can  be -I - • ii n i l  ~o any des r i d a -  o u r  i -y. olear ly . the sar’ is true for

the  rne ,an velocity in the part iall y r - I a t e ~ - a n ” .

When the ; a t  i ncn is conductive the fo~ “r - ’ m g  ( , te r ~n i n a t  ion of the mean

y ~-j r ’~’n no’ hold l’.-oanne t )~ .- elect a I r ’  al  b c -undary  ‘ond ~ ion in the  p l a t e d

and unp lit e l  r ’--;m on s is differ ent ‘and this ;-ir- ’i cu la r difference cannot con-

veniently be t reated by means of a perturbation procedure because it requires

20
a perturba ’ m nr fr ’r one set of ei qen c o n d i ti o ns  to a n o t h e r  . Pnder these

circumstances ‘h. boundary c o n di t i o n s  in the plated region are

T2~ 
— - 

~jb
2h’..’ .

~~~~~~~ ~
‘)
~~ ~~~~~~ ~~~~~~ ~ 2h ’

0 , a t  0 , (2.6) 

- -~~~ 
-
~~1



~hcre )b ~8 the Kronecker delta with the provision that b cannot take the

va:u .~’ 2 and

— c
~~~kL

u
k , 

+ e
k?l . 1  . (2 . 7)

whi 1.’ the boundary ,-on,I :t  i o n r ;  in the unp l~ited region are

T . . • 0 , 0 —~~~ ~~‘. at x 0 (2 .8)2 o 2

where €
0 

is the perm ittivity ‘f free—space and

I” — e u  .— c ~~~ (2 , 9)
2 ~~~~~ t ~ ~k k

The dispersion curve obtained from the nolu’ i n nat isfyin~i ‘‘ .6) is plotted

as the curve lai-. ’led V in Fi~;. I , wh il , ’ ~r - -r’ ‘h sol cit ion satisfying (2 .8) we

o b t a i n  the ntrac -r h t lin e labeled “s 
i n  Fi~:. 1. Th~- mean phase velocity

11 
V~
’

is now di’ f ned so that ‘h. t ime - -
~~ trave l -v .’r (I ~ d ) is equal t o  the  t im e

of tr av e l of V ‘v”r I ‘; - v i a  ci a n d  w i
0 0

1 1 - 1 .  I~* ~~—‘ — ( .  10)

which do to r r : n -  s V when the - t l. ’’r nl .an • Ii ~ ‘ a r  ~ n-  ‘wu . C l ’  ‘ a r  1 y •

li-fin :’ I - - n - ‘a n  I-’ used ‘-von whi -n ‘1’ p - m ’ - .ng is nonc- ndu~- t i ve , .‘and consequentl y

(2 . 10) can rep lace (2..’). It is  e i c i l y v”ri~~i”’I th a ‘hi’ t w  d e f i n ~~t Ions are

,--r’j~ v,a1ent when V and ‘.‘ differ by a -~r t ’ a 1 l  ar t. iir- ’ , w h i c h  is tb case of i n -- 0 0

ter est here . F’ r 1— d , V i s  p l o t t e d  :n P i - ~~. 1 .

From the rw’-m surface wave ‘.‘c- loc m ’y in a waveie -iqth 21
, wh i ch we have

-1e~~i-r~~~ned , we must -h’ -ui r . t h e  surface wave velocities V and ‘.‘, which are the

phase velocity in the unplated regions when ‘he adjacen t regions are plat ed

and ‘li .-’ phase velocity in the plated region when the adjacent reuions are

unpiated , resrectively. ~~ te way “f doing this is t o  equate  the t ime average

over a cycle of ‘ hi ’ k i n e t i c ’  energy of the solution with the mean velocity.

which has l’ren determined , with the t ime average over a cycle of  the sum of 

- - — -~~~~~~~ - ‘- — -~~~~~~~ - -- ~~- - -- - -
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the  k i n e t ic - e r l , ’r -r ie~ in  the Uflp i~ t t  ed and r -l a t .-i a e~uons , which have the un-

known p h a s e  v e l o ci t i e s  V and V . To thi s end w e w r i t e

r 
dx

i ~~~~ dx
2 

+ 4’ ä~ ( 0) ~~~~~( 0 )  dx
1 ~

‘ 

dx
1 ~~~~ 

dx
2

‘
,

‘ lj . ( 0 ) t j ’ ( O ) dx + ‘ dx ~ dx , (2 , 11)
• I 1 . 1 .  j i

o a’ 0

i n  I -

~~~~ 

a t . - t i n - us - r r t a l  i : s - d  i - i  - ;. - nsolutm,ons t - a tb’ m i - u n  v e loc i ty

in  a w a v e l , ’r: t b , ii: .  velo.c~~ty V in tin - p l at e d  rt’sr ion and th. velocity V in the

u n i -  1 at  ed - :  , - • a . - - - :  ‘ - - :v . ’ 1 y. Thi- t i  gcnnc- 1 u t  ions - - and  ~n are n o r m a l —• I I 3

i : e-i  in suc’b a .ay t

(0;’ (0) — sa ( f l- i  ( Ot  — - (0)
’
~
’ (0) . (2 , 12 )

I I I

For i- ’ - ’;ar, a - r a ’  ion  .‘ a v ’ - ’’’i rtl .‘:  , a - -”- f . . 1 1) , w e  oh t a ’,n

+ i i  (‘,“ t
2 

q g  i x . . ‘‘ /21- .’ V~~)~~q .  (O)q ’, ( 0 )  ~— l ‘ 

~~~ dx
2

+ ,‘ ‘ /~~~)‘.
‘ ‘,‘
‘
~~~ (0’a~~ (0) :dV ’ - u . : - ix , (2 ,13)

1 , j j  2
0

Since is kn o w n , a corr ect - i s  ~~~~~I n - I  l”~’ sa’ isfy :rs~ t in-  - i i f f ’ - a , - n t i a l

‘ns an-I r t o  ion— ‘ - .- 1~ un I,a ry con -li ’ ions w i t h  • hi’ known ~~~~ (the electric

bound a ry - - - c ’ r -~ I i  • :c’ n i s  I )  , a I ‘a  which ) -  .- l o f t  —hand s:le of ( 2  . 1 )

‘In ~‘* n , Fr ’r (1’ . 13) ~~“ may a i t  ‘ - the w : n l e ; ’r ’n - I ”n t  a “curs iv,’ .‘-ru -a t ions

2 •~~~~~5 • r I .d  - r t  I ‘‘ ‘i ‘am — i ~
‘ r

V — - — ,. * — — 2h’ g . (0)-i (0) - -a — -

n , , ~~~d d 2  1 1 ~ d o — i
- :i-~~ 

h’~~. (n (
~~ ; (0)] 

- n-i 

(2. 14 )

—2 (‘/ m ’ i + d ~~ ,, ‘ , 1 ~
‘n 2

V — + ‘— l’h’ u (01 a - (0) — V , (2 . 15)
n L I , 1 1 J i 4 i ~~~ fl

‘ -I -n - i

where

‘I

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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-
~~~ 

- .  r - — r _  . - -
w • -; ~a dx , — - s~ dx  , , — q 

-~~~ - dx . , (.. , 16)
~~i 2 - a m  ) 2 - a m  j )  2

0 0 0

~n wbic ’h and - i r e  t h e  normalized eigensolu tions corresponding to the phase

I ~-
~~
‘ • t i’ s V .a ud ‘.‘ a t  - in ’, ’ S • - ‘a- a .’ 0 ‘ In- I e a at i~ ‘a • cai,u t i oa r; (2, 14) -ansI (2 , 1 C

,ta e ‘I~ l’.’.- -d by -n - nm : ye a l t  ~‘rna t e i t e r a t  ion , In  t h i s  ~-r ~~oess on,’ s t a r t s  w i t h

he f a ‘‘e surf ,a . -  w a v e  s -a; I s  r - ;  an I a ho- fully ; - la l i d  surface wave so lii —

ion f o r  ~ t a m - I  hi’ k now’n a e -~‘c i ,‘ i ’  vi’ I s  ~ i t  r i - c m  V and ‘.‘ . ‘~ m (-r; F- , (2, 14) 15
0 0

s olv ed  f - i  ‘. - i n - :  V f - a  V , I .  a w h i t -l i  V is b t , a i n a ’ s ’i t r o r t  (2 . 15) u s i ng
1 0 l~~~l

the ‘.‘ ‘ur ; t - ( g ’ t . - a m i a m i n l . t~~-w the s-a r . - ! ’- I g - and ~ - ia. d~~~, r~ni n - - i fr~~s t h e
1 1 3

d~ ff i ’ m - i - n t  i a l  .‘ u-, i ’ i , p , r ;  I :; t i ; .  r , , t r c n .  a se t  t : th ,tI. —v i - u - i n : a 1;.- ; r e n i - n t  iterated 

- t i es  ‘1 ~~~~~ ‘ 

~~~ 
~~~~ -~~ S i .  c~- : t ’.nu ed ‘In ’ :1 l~ h V and V r o n v . -r - o - ,

arc I V - - nv’- a a ’ - t o  l~ ! - t i - i  ‘h - in 10 h - : i t  ~a ‘ - : a ~~cy in a(- - crt 15 iterat I n n ,

~~~ ¶1; - - c- ar,.- / — ~~, ‘1 - ’- - - -a a ”- t ed  a- h - a ; ; , -  i’, ’l ~~~- i  i ’  - V and V - a r e  p l . ’ t t . ~ i in  F i q . 3

a’r t ic .-  ‘g~ - y,- *-, i - i t - . ’ 1.- I 1 - t n - I  - - 
, a ‘ - - -a  ‘‘l v .

3 , A i : a - x . r t a ’  , a f ac . ’  ‘~~ a ’ .- s’ F - I ’ : :;,;

‘me- - !  :‘-n w e 1 . - a  m y . -  ‘I- ’- ar a a - x ; r ,a ! e  • ~ ‘—ci mrinc n m u-a l - c i a  face wave

“ :a : ac’ and “ I - a ’ - - ’ndit I u s  ira -n’- scal-a r var i - at I ’ fr -~~ th e variationa l

;- r m n r l ; - l e  1 lin ea r a :e .’ -.‘1”~ t ric:t ’,’ :t  has I -e o n  sh.’wr ’
~ that tb ’ varia—

• m o n a l  :-rm n - or 1.’ - 1 ’  1 m a n - a r  Tore~~’ele ctri c i ‘y for a a a r :ally i,atr’d substrate ,

sic- wa’. :n Fl :.4, —‘-a’,’ I.- ~ a :tt ’-n i n  t h e  1- rr’-

- * V ‘u + T ‘u 4 p ‘,~-; + ‘-
. )dMx

~ 1 ‘~ I I , ’. .‘aI L , a ‘. ,~~~. a , a
o~~

+ - (~~~ ~g 4 ” ~~ #T ~u +0 ‘- ‘ +0 ¼~ )dAd x
3 ‘.1 i, ’ss aL t ,a ‘~ ,

‘• a , a
o~~

e .h’ f: ’~ ‘
~~

‘
~ 

e ‘ ‘~j ‘~j 
*~~~,‘ r~j •~~j ) ‘i’i J c i 7~- ‘ I - - -a ,a 1 , 1- a ,l l’,a 1

1~
x

_ _ _ _ _ _ _ _  - -- - ~~~ ~~- -~~~ - - - - - - - - ——~~~~~~~~~~~~~~~~~~~~~~~~
_ _ _ _ _
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a
— £ ~i dA . ~ ( t  6u, — ‘- ‘-~~~~) ds dx

Si , ’, k k
A o P

+ 
, 

a~
’ 

(t
k — : ~~~)dsd x , + 2 h ’ 4 t~~~i’,~ds , (3 , 1)

o~~~
x —0
‘a

where we have ;n tr oduced  the  - 5 ’amv .’ac t ion that a bar t’vt’r a quantity indicates

that the quantity is associated with the 1,atei regmc ’am , the pr imi-s refer to

the plating ma terial , the prescribed s-ta,iantitle’; in ~q. (3.1) are over the por-

tions Of  the cy l i n d r i c a l  boundary a s s o cia t e d  w i t h  the p l at e d  and unpiated

regions. reapec t~ ve 1y, and

-
, 

— 2~~
’ ‘7 (1 ’ • •~~~~~

‘ ) (3 ,2)

is the ;-late l .art” - nstant . In F- i . (1 .1) we have employed Cartesman tensor

n ot a t  : - r i , tb .- s:~ i t  ~on - - - :cv. -a ’ . t ion I u rej-eated ‘-n s’-a : rid ~ce r , , the dot nota—

t i on  f - -a - I m f f ’ - r ’ -  u t l , i t : - n  w i t h  r i - c r - ’ - - ’  t o  I e , an~l the c o n v e n ti o n  t ha t  a c~~~~a

followed by ta - : n i e x , say j ,  d e no t es  d i f f , ’ r , - n !  i _ a t m c ’ n w i t h  r e sr ect  t o  the space

‘ — “ ‘ a d i r ’.,~ t e x . In  add I t  I cr ’ .  • w i - hav e i a~t roduced t I n  f u r ?  h i - a  con v en t  ions , em-

ployed i n  p,~ f, i ‘h a t  a i ’ n e . a ! e I  ~i r e e k  i n d :- - e a n  a re  a ’. ’ l  a s  t- .- r,’:~~~~i- si .and a and b

can .‘- r ;-a I - arc I b a i t  ‘~~~i (  ‘~~ • w h i c h  r e f e r s  f~~ the d i r e c t i o n  nor~~~l t o  the

- :c:a face . The ;‘:~aac ’it~~-s T j, U~~, P- , ,an-1 f i r e  tic i- cotrq’aonents ‘f stress ,

aane- ’han :o-~l lisp lacement , electric displacement and surface traction , respect-

ively ; :, ;, ~, and are the mass d e n s i ty ,  e l e c t r i c  p o t e n ti a l , s u r f a c e

-barg e density, and fri’e—sa’ac”- electric potential , respectively; and t ~~~~

the diel ectric ‘- - -ns’an ’ In the space outside the substrate . In addition to

F - ; .  (3.1) we have the linear piezoe lectric const’tu? lye equations , wh ich can

be written i n  t he  form

- — -~~-~~ - - ~~~~- - - - —  - - - - -
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E
— C

~~~,
.
X I

U.
k 1 

+

0
1 

— ~~~~~~~~ — t ik” ,k •

where c~~, e and are the elastic piezoelectric and dielectric
ij kL k i ~~ ik

constants , respectivel y.

As In Ref . l6 ,the basic assumption employed in -btarnira g the approximate

two—dimensiona l surface—wave equations i n  ‘n” scalar variable fr~~ (3.1) is

‘ha’ ‘he’ x depend -c of the variables is t o  be obtained frc~ the three—

dimens ioa aal surface—wave ~- ‘1rr ’ ion f ura c ions  t a m  F r , (2 ,, 1 ) of ~“f . 16. In addi-

tion , certa in shapinq m~~i -.ficat ions are ia;troduced , whi ch are obtained from

‘be var ~~a t - l e —  c a .  st.- - 1 -;c:rf t e-w ,1~’i ~o1- :t ions fcr I a . s ~ r r~;- ic .,ubstrates determined

rrev : fa - the h-a ,’e- 1:~ . ; - . r r - n a l  .‘las’ m c i ’ y equation s. Accordingly,

WC w a

- a — ~ )~~(x , x , t ) , , — ~~4
- x  t~~(x ,x , t’ , (3,4)

a.he rv ’ ~ i ’  ‘ ‘  ‘ s-ca, i t  - ;u a  ‘ a- ‘- wave v a r  . -al be , a r-wi

— 

~~

‘ ( r ) ~~ ( n t ,,~~ (:~ 1 ’
x )

(3 .5)

— 
~~~

‘ 

C~~~~~~~~~ex ; ( i t ~~~ )~~x )

for r~~ m c ~l- - - a” a i-’-I Su r f - a - c waves , ks in Rr’f. l6 ,f- ’r variable—crested surface

wav es the ~ 
,a~ I ~ - i re c’hanged in ~t c t -  r r i ,tnc.’ with ‘he var iab le -c res ted  solu—

tiran for ti’.” I s ’  ‘r- p t c  substri ’°r, and in those portions of the straight—crested

solution that are employed In ‘1-” approximate (or exact) variable-crested

solu’ic’r., ‘ In the s~~r ’lm -iht- cres ted solution is to be replaced by ç, where

2 2 2
• + ‘- , (3 , 6 )
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and is the purely real part of the shaping wave n’,maber for t r i gonon e t r i c

creating or the purely imag inary part of the dec.-%y factor for exponential

crosting, it has been shown’5 that this procedure converts the straight-

cres ted su r face -wav e  solutions to the v a r i a b l e- c r e s t e d  surface-wave solution s

exactly in the Isotropic case . Si c,’ variable—crested surface-wave solutions

have a ; - ’t beer’. - - i t  a i ned for anisotrop 10 cu l - am t r a t e s , t I l l ; ;  r ’- su  1 t for the iso-

tropic case :s employed I a n the anisotropt- ~‘~-aci- as an approx imation . Essenti-

ally , this approximation assimie’s that , e-\’,-n in the anisotropic case , variable

crest’inq is ia ; accordance w -m th known result’ lux t Ine  i sc. t~~- o j  10 case . More—

- -v ea , s i n ce in  ‘ hi- in asot r o ; - i -  case’  a t  I n - t a - I  t b -  - a :v . - t ype) displacem ent

c(~~ponent  exist’; ~n ‘h.- x ; - r t -- p a - ; at i a ’ . - ;  s t r a i g h t — n -r e st e d  su r f ac e  wave in a d d i—

t i on o the  u -ta ;~I u (or  Ray l e i-a l ’ . t y~ .- ) d a asp lac- a-si-nt c s~; t n - a ; . - a n t  a; , we must

account for ‘hi’ variable - : a ’ - s t i n - - : due ‘~~~ tb.’ :- ‘S ’ . t ype displacement  in the

st r a: ; I a t - c a i ’ ~~t . ’d  soh: ’ ion a rt w , -il a;; the al”i’ve—as i-ntioned variable crestinq

r ”cu lt i raq fa -r ‘~ -,e Ray 1e~ - rh  t ype -llspla cementa ; in  t h e  staai -ah - it—c r es t ed solu—

t -n , We na ur i l l ’,’ arstsne hat the var t a t  I i -  o r i ’ s ’  i n -a r e s u lt  t rig fr~~n the

t a -am ui-c f—crest . -  I 1 .-ye  t ype d ;  - .;‘I .ac,-tri-nt ~~~- -aaa; --onrn ’ a n’ in accordance with the

kn c~~ n r e s u l t  I a t1 ’. e l a n - t a  d -~~
- c a n e , ,~rt we ’ ,a l a - - a ty have for hr  Rayleigh

type ci ~sp I a-: .~~“ac - - n i - n t  s , h i -  t~ ’ n- ri ashc - -w r,
1 6 

hat in  t h i s  case to a

-;on -~l ar ;’a ’ x i r a t  : -a, tb. ~‘m a r : , a t l e— c r i -- - ; t . - ! no lut i - u, -a r ;  be w ri t t e n ;  in the form

r -~~~ 
-~ I~~X i ( x — V t )

U P , lx I - ‘i— ~, (x ) - p i’

~

1 
i~~x i ’( x — V t )

u .~ P~~~~(x ’,) — -~~~ &,,(x ’,
) e

ia ~x a ’ (x —Vt )
—

~~~~~~ ; ; ( x )e  ca ,, i r ( X , _vt 
. ‘. •P&~~(x ’, )e e , (3,_a )

_ _ _ _ _ _ _ _ _ _ _ _  __
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where the ~ and are q~ ven in (3 .5) with ~ appropriately replaced by the

r e s u l t a n t  wavenu~~ er ~
‘ in accordance with the earlier discussion . Clearly,

i f  w e d e f i n e  ~ arid by

~~ l x )  — & (x~~i — -~~~ &~ ( x )  , ~ ( x )  — -
~ & l x )

- i~ -

~~ ( x ) — ~~~(x ) — — ~~~~(x ) ,  ~~ ( x ) a (x ( , (3 .8)
-
. ‘

~ ‘ ‘
~ - v 4 -~ 4 -~

we may w r i te (3 ,4) ~n th e form

u . •~~~ (x ),(x , x , t )  , ;— ~~~ 
(x t $( x , x ,t) , (3.9)

1 1 ’ . - 4 -

w h i c h  is for an unp ia ted  region , and for a p 1a~ ,- - I re’~aion the 
~~~~

. ,  it ’. (‘.5)

are appropriatel y r r w ” I i f ~~ed and , ac~~- ai; n - aly, all -~u an flt ies in (3 ,’- t —  (3,sfl

are written w it h. bars -‘n rc - p er-sd ~n place of (3, a) we have

u • )  (x ~j(x ,x , t t , ~~~~~~~~~~ 
(x ($ ( x ,x , t l  (3 , 11’)

1 ‘ - - 4 -~ 
-

As in Ref. ” ar-i Ia; acco rdanc e w i t h  the explanatton giver; th .’re , we take

the variations ~n the for”

t U — -:;y t ’ , 
i
’-: —

• ;y ’~~ . ~~ • . (3.11)

where the asterIsk denotes ~‘--r;--lex c r ’n lu g a t e  and the van s’ i ons in eqs, (3.11)

are nonc istent with the constraints , Moreover, i t  is to be noted that this

choice of depth behav~ -’r for the variation s results in surface wave equations

in * and $, each of wh i ch yields an expression for the t ime—average power flux

identical with the one given by the three—dimensional equations , which Is

— Re ~ (—T ~~u’ • c~a~D~ )dx - (3,12)

_ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Now , sub stm’-ns ti n g from F~qs. (3 .9) — (1 .11) into Eq. (3.1), performing the

in t e g r a tio n s  w i t h  respec t t~~- dep th , and employing the planar divergence

theorem , we obtain

S S S S -
- (~~M •i~~ T +D -T - b +~~~ ( 0) !) (0 f l~~* dA

- . a ,a a ,a 4 -.

• r [!, i~ • +2h’ :’ (0):i’(Ofl~ + ~~~~~~~~~~~~~~~~ — D ~- 1 )  ) 1 ‘
~ 

- . a ,a a ,a
A

- .~h ’ ( k ’ ~~~~(0)~~~~( 0) ’ 4~~A ’ 
~~~~~~~~~~~~ 

+
~~b

(O)t
,aa

)
~
:itt

( O ) )

— . —. ~~ ~~ ~~ •
+ ~ (0)!’ ()t l~~$ IA • ~ (n  (T + ! )  ) — F •: j ‘$ ds

4 ~ • a a a
C

-; (j~S • 1~ S 
• .~h’ ~~~~~~~~ 

(0)~~ ( 0) ~ • , ‘ ( ( O ) $. . ‘ a a a - - i ’  a ,l’ a ,t-

• (0)~1- • ~a 1- a a a a a

— . V I ’ ’ ( 0) ~~ ( 0 ) ~ + , ‘ (5 1 ‘) $  + ~ ( 0 ) ;  1 ( 0 ) 1 )
- ‘ 1’ -‘ .1 a ,i 1- a b

,s —~ ---5 S
— F • • F — 1$ dc - (3. 13)

where ri ar-ad ~ I , ’ a ~ ‘e t i-n. - - - -~ ra~-- ’n”r.~~rt o f  the outwardly direc ted u n i t  normals
a a

th ,- ”st- vi”; bounding ‘he l a ted  and ;ar:t 1,i ’ed ;—nrt ions of t h e  sub strate ,

reaa pe c ’ively, I , h-n - t e ’  V I c e  l i n e  separattnq the plated from the unpiated

reqa-a ’ , n
d 

~~~~~~~ the components of the uni t norma l ~ O ‘d 
d i r e c t e d  from the

pla ted to the unp lated region , a ’ has been assumed that t .* along and

14 - • — ~ ~~.dx , ,.
5 

— 3 T dx
- I ~ “ ‘- 1, ’.~~vj  ‘~
0 0

r
• 0

• ‘ - S
— ~ P dx , T — - ~ ‘1’ dx

‘~ a 1 aj v
o o
‘V S.

~~r cix , ~5 
~ 3t  dxa .~ 4 a  ‘, k k  a,

o 5,

c ~
.

— - 
~~ dx 3J4)

- 4 a , .
0
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t - r  the unp l a t e~1 r egion  and e qu i v a le nt  b a r r e d  expressions exist for the plated

region. Substitu ti ;; - ; tr~ si- j,’a~s, ~1 ,3), ( 3 , n-t ) and ( 1 .- t )  i r i a o F q s . (3, 14) and integrating

with respect t s~ depth , we - l’tamrn

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
4 e

abj
Il

j
S

4 Y
b

+ e
~~~~

H
~~

S I 4 , ~
$

—

D
a~~~

i
akb

H
4

S
k * b

+ e
aka ,

II
4

S ;k~~.
; — 

~ab~4 4 b  ~aa,~4 ;4 , , (3,15)

w h e r e
(S

H • — 
~~ dx , It • — 

~~~~~ dx
• ‘a . V — i-I • ‘,, ~. a,
0 0

f • - r .
11 • — I 7 7 dx • I; — - lxs, ; \  

•
‘, ~~ ‘, ,  -

• — ;~~~~ , , ,5 , , a ,
0 0

S.
A

H • — ~~ - ix , • — 
~~ 

dx , (1 16 )
‘— , .r ’ , • . - ,~~ ‘, , ‘s, -

~ 
- - ~~~~~~~~~ • ‘ , ‘~ l. ,~~• a,

o 0

~- , ‘ • 1 .2 , ‘.4 . (3.17)

Equations (3 , 1.a ), w i t h  F-~ s . ( ‘4 . l h n . are t i ; , - s u a f a r e  wave conetitutive equations

for the approximate t w — — --jiT,w’fl5ioa;al surface wave equat ions  f r  an unpiated

reg ion, and c-~umva1cnt barred constitutive equations exiet for a plated region ,

Since ~$
• and are arbitrary in the interior of the ‘anpiated and plated

reg -l or,s , re sp.’o ive l y, we have t h e  ap p r o x i mat e  o n e - d im e n s i o n a l  sur face  wave

differential equations

S 5 5 S • -
T~ + t )  — T ’ — D  -~~~ ( 0 )D  ( 0 ) — : H ,* - (3 ,18)

a , a a , a ‘~ V 4 v

a ,a 
r
a ,a 

T
a, 

t1
~~

+2h 
~
5
a
(0 O)$

,ab +Ii ’ 
~~a

(0)h
.ba~~~b ,aa~~~a

(
~ h 1

— + 2h’ a~’&~~(0)~~~(0)1 ~ , (3,19)

- - -~~~~~~ - - - — -  -~~~~~~~~~~~~-‘- - -‘--- -- - - - ~~~~~~~~~~~~~~~ 
- -
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in the respective regions , and where we have made use of the fac t  tha t

_ . 
- S

3
4

(0) — 0. Since ~I and ‘; are a r b i t r ary  on the cylindrical edges of the

unpiated and plated regi ons , res pec t ive ly ,  we have the edge conditions

S S S ~n (T + D  ) — F  — :- (3,20)a a a

na
( (

~:+~~:) 
+ 2 h’ 

~~~~~~~~~~~~~~~~~~ a
(0)t

,b
+ 0)$

5 &,
(0H1 —

~~~~~ —~~~

(3 , 21)

Since ‘$ ‘ is arb itrary along Ld, wi ’ have the continuity condition

fl
a
(T

a t
~~~

+
~~~

+ 2h’ 
b~

o 1 0
~~ ,b

+ ,
~~~ (~ 

( 0 ) ;  +~~~ (0 1$ )& ( 0 ) ) ) , (3.22)a ,b b a b

at an edge separat rug a plated from an unplated region .

4 , ‘rransv’errt-~ Mi -den in  Reflec t ave Arr
~ X,!

thi s sec# I - n  we apply the approximate twc-- -iarrse nsion al surface wave

eq u a t ions  der i ved in Sec.) i r ;  t h e  i , ’ t , - r m i n a t i  ti ‘f ‘he  transverse modes

propagating rn the strips . We consider ‘cirface waves propa~ atinQ in the

digona l (x
1
)—direc ion ‘I;r- -n ~-rh a reflec t i r a  array on ST—cut :uartz as shown

in Fiq.2 with . w the w - i - I~ h of each strip. A -ross -F -s-ct ion through a typical

stri p -f the array is shown i n  Fiq. 5.

The d i f f e r e n t i a l  e’quat:c’n n; are (3 ,18) for ‘he unplated region with the

• ~ known f a - -iar ~‘. r’i ’ . 2 for the free surface wave velocity V (horizontal
I 4 o

line ) in Fig.) and (3,19) for the plated region with the 
~~

, 
~~ 

known from

Sec,2 for the veloc it y V labeled 2 in Fig.), and with ~~— 2  in both regions.

Since we are considering the special case of variabl e—crested surface waves

propagating in the digonal direction on ST—cut quartz , a number of material

constants in the surface wave c o nst itu t iv e  equat ions  In (3 .lc ) vanish .

Although we present the forma l solution in the general case , the H

defined in (3 .16) simp lify somewhat and may be ~.ritt en in the reduced form 

- - -——-- ~~~ - - - - - - -~~~~~~- -- -~~~~~~~_ _ _ _
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— 

~~1l ’6i 1 + X33.~~~3)~~~1 + 4
+ (K

33•6,3 
+ -

~~~~~ 
K ll S~~~l

) ’
k)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
+
~~~~~ 2,2,2

5 6k2 5j 2

3,2;3’ j3 ~2 1,2:1 j1 ‘k 3

& 
~ +~~~~K1 , 2 : 2 ’ ~2 k 1  ‘ 2 ,2 ,s l ’ ~1 k2

H • — (1 ’  . + — K  . )~~ 
+~~~ .— )C • F. 61;1 • 2 jl V 2 3;~ , 2 j 3  k i  r2 2;2 ,21c2 j2

+(K 3;l S 2
i
jl +

~~~~
V l ; l S

~~~
L
ll
)
~ k3

+ ‘i~ V • t S
.;1 ,.‘ ~l k $  

~
‘ 1:1 , 12 kl

~~~,
, ;j’, . 1,2;l ’,2~~~l~~~~~~~~~~,.; 1’,~~~j1~~~k 1

• 
~~~ , 2 ;2 :. k2 j. 

4 
3,2;~~~,2 j3 

+ 
~~~ ~1 ,2~ l ,2

6j1~~ k3

H
41
. — K41. * 

~ 42 ~2 
• 11

44
0 — K44

,

H ..K , ‘ #~~~ t’ H •k , 2 ; 4 1, 2 :4  k i  , ‘ ;4  ~
-
~~
‘ ‘ 4 , 2 :4  ,2 4,2;4 ,2

H
4 , 2 ; j

S
, 2

S i
~1 , 2 ; 1 S

, ;
’

j 1  ~~
1’ 4 , 2 : 2 ’, 2 6j 2 ’  

(4.1 )
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where
4 4 (n) (is). (n) (i s) .

I \ ~~ 
C C A

~~~~~~~~~~~~~~~~~~~~~~~~~~ L. 1.
n—l mel B~~” 

~

K .-— ~~~~ 

~~~

*n 1  B — Bis— n is

4 C
(n)

c
(m)* A~~

)
A
(m)

B
is

K . — / I
~ ;q ,2 i_i ~~~ ~

n—l mel n is

~ ~ C
(
~~
)
C
(m)* A

(n)
A
(m)*

8 8’
K
M 2 ; ~~

o 2 
n — l  mel ~n ’

~~~~ 

~ 
- (4.2)

For the deterisindtion of the transverse modes propagating in the strips , the

boundary conditions at the edge of the strips in the transverse direction

are the continuity of $ , i .e.,

$ — $ , at x
3 

— ~w , ~~~~

and (3.22) , which  for the case at hand may be written in the form

~55
(H

31
.$

1
+H

11
.$ 3

l + c
6
(H
1 2 1

0$ +H
210$ 1

)+e
25
H
4 2 1

.$

+ e
35

H410$ 3
+ c

14H 1 ,.$ 1
+c 24 H2 2 72 * $+ c 34R 32 5$ 3

+ c
44

(H 22.$ 3 +H
3 2~ 2~~~

+ c
23 H2 ,2 ;3 5 $ + c

33
H

33ot ,3
+ c

34
(H

23o$ ,3 4’H 3 ,2 ;3 •$ ) +e
31

H43*$ ,1

+ e
35

(H
34.$ 1

+H 14.* 3
)+e 36 (H

1 2 4
.$+H 24.$ 1

)

— c 23
H

4 2 4 ’$ 
—

_ _ _ _ _ _ _ _ _ _ _ _ _  -
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— c55 (H31
,; ~ +14~~.~~~3

) + c~~,(H1 2 11
.V+H 21.* 1

)4e
25
H4 211 *t

+ e
35
H41.I~ ~ 

+c 14 l2’~ 1 
+c

24
i~2 2 72

.’~~+c 34
ii
32.I 3

+ c44 (11 22 *$ 3
+H 3 2 ;2*$)+e 14H42~~$ 1

+c 13H13s$ 1
+ c 23H2,2;3*$

+ c33
H
33
.$ 

~ 
+c

34
(H

23.$ ~ 
+ H

3,2;3
*$) ‘1e31H43 ,1 ~ °i5~”34’’l

+ H 14*$ 3 ) + e
36

(
1 2 ;4 ~ $ + H 24’~~~1

)~~~c
2 3

H4 2 ;4 *$~~ c 33H44 s$ 3

+ 2h’ (X’,~
’
~3 

(c~1i 1 
+ ~31, 3

) ~ 
~~

‘ ~~~~~~~~~ 1 
+ 2c~3~~~

$ 
~

+ 
~~~~~~~~~~~~ 

_
~~ 

-~~~‘ . (4 . 4 )

The surface wave solution f u n c ti o n s  may be w r i t t e n  in the form

i~~,x
3 

i (I X~~~ t) 
— — ~~~ i (‘x

1
—i t)

• Pe e • I • Pc e , (4 .5)

which satisfy (3 .18) and (3.1~~l , res~-.’ tivel y, with (3.15 ) and the sy~~~e try

of ST—quartz , a ,’- ., (4,1), ;-r ’vided

A~~t

4 
• t~s, + “a + P~- ~~ —0 , (4 , 6)

+ 
- _ 1  

~ 
-
~~~~ + + ~ — o , (4,7)

where

— .. - , — ‘a ~~~ , (4 ,8)

and

~~ (c
3~

h
11
, +c 5çh 1~ . 1 - ‘ ( ( i ~~ 

~~~~~~~~~~~~~ ~~‘~~~~ 1 1 ~~x f l  ~ 2

c 14
i On

1
, - h 12.) ~~ + 

::5

1 (1-n
41. 

- 1-a 34
.) ~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
- 

72

- c~~~h11
, +e ~~~(F 41. 

4~~~~~4
. ) c

44 ~~~~

‘ 

~ 22 ’ - €
33

E
44

. 
~~~~~~~34 ~~ 

~~~~~~~~~~~

C ~. - i~~ ( (‘~~ ‘ 
2~ ’ + 

~
‘
~~1~~~ x2

O 
+ ~~~ (C

23 ~~2 , 2 1’ 
- h

11 2’, 2~

-
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+ c44 th 2 ~~ 
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h
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1, 2 ; ;~~ ) -- c
12
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+h 2 ,2 ; 1
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4 , 2 ; :

) + ~~ (c~~~h 11. 
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where the li . . ,.  in (4,9) are obtained from the expressions for the K ....

in (4.2) by omittin-~ the quantities outside the st~~nation siqn , V is known

as a function of C from the curve labeled 2 in Fig.3 and

—2 —, — —

C —
~~ + ‘ a~~~ , \— ;~ h’ . (4 .10)

The foregoinq quantities in (4.9) and (4.10) are for the q’uartic for ~ in

(4, n , which holds for the plated ri’gion , The expressions f.-r A , P , C , D

and E in the ~~r t ac for s. in (4,t )  , which holds f.’a t h , -  un~ l at ed  region ,

may be obtained from the express i - - n t ;  fox- A , P . C , P and P. respec t ively,

sa~~n1y by :;i-tting h’ —0 , r emoving the bars in all rema ir;lno n i ’nn r , adding

the term

ic 7 • (4 . 11)
0 4 4

x ~~

t o  t h e ’ express ;  rn - - r  F ind , cf ours.’, usrnq t h e  “- ‘ n , :  ~ht ~cr o C S  ,- d r - - h ; t  on

fr~a !he i nt- ~ a’ ‘-1 r-1~~ i ’ f t  or’ Sec . 2 , which - -- r r’-”-t’- - rn - ts t V niven by the

horl~ c—n tal line In Fi: ,~~.

Ft rja t a - - n  -~ (4 , t-. and - ‘s . ‘7) - i r • -  n i - t F i —  : n a l i  ‘ ic  ‘- ;uat r - u n z  in  ‘- and ,

resp.-- t :vr’ly . -‘ .‘ it - i’ not i l - - ;  1- ~;t  r n r i x ’ ics 1’  c i n n - ~’- o~ dependence of

the - ‘ --f f i c i e u - on ~‘ - a ~~. }tow ev,-a , n~:nre in rof1ec t~~ng arrays th - widt h

-f a ~; t x  i~~- is r~uch 1-i r-: . -r t h - i r ;  a ~~ao- 1~~~ga t  i ’ m  w a v e l e n - t h  ( - r  th inq of

the ~~ r a p s ) , we “a:’; t have

i , J~~J ‘‘- 1 , (4.1 2)

even for -~ r- ’ - l a t i v e l y h ; - : h  - rIer transverse mode. Hence , even though (4,6)

and ‘ 3 )  are actually sixth—”rdrr equat;ons i n  ‘he I - r -l-lr ’rn , - n accoun t - -f

(4.12) they rn~ay be t reaf.- d as ~u.i m tic’ s here. Accordingly, f - r a given

the complex r r 1 t - a i c  equation in (4.7) yields four co~~ 1ex a - - --’ts for , t w o

of wh i ch turn out ~ - - have a real part in the range of 1 u t S ’ m ’ - ’~ t and an

i ma g i n ar y  part at  l ea s t  at -n ‘r-ler of magn it u d e  smaller ~har ¶)-, r real p a rt .
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In add i t  ion , the  r ea l  p,ir t n ; i a  - - almos t equal  - i n - ‘pr-on; i t ’ -  n sign . ‘1~ie other

two roots have tw-th real and imag inary parts - - u tn ~~h- the rs r - ; ’ -  c-f interest ,

We naturally i-~:nor ”  t h ~ lat t.’x  t w  ts completely and neg lect tb - small

imaginary pax t n - of each - -~ the tormer , Similar statements hold n a n  the case

of Eq. (4 .~~‘ ) in  ~~~, w; th the -~~ i I f  s - m e m o ’- h it in tb. t w -  r~~~t - I in t e r e s t  the

eal :~~rts ~n - - at 1-- i n  ‘ ,a:~ - a d i r  - ‘ maqn i ‘ ude small i-a t 1- - t n ; ‘ l i  imag i nary

partn , whic h i t - , - almos t ,‘:-s i  - t n - i  - n ;~ ; : t , -  in n i - ~ :l. ~n t h i s  case w. -  n i - q l s -

the  sm a l l  r i - a l  p a r t s  o~ ti - n i : o - - t t- - -  i n n ’ - r , - n t -v. -r , S : r ; c - t h i -  so1~~n ion

ext,’anoa l t o  t h e  s a ; -  mus’ - i i ’~-ay w ; t l -. d i n ’ ~, r ;  ,- n~~-n, ‘h’ ,-< i; ’ - o n l y  the  one

-1e- ’-~y;nq Sol i ’ in ‘- i n ;  .-x ’ ,- r - ; s l  r ’-~~; -  n .  is ‘-rn : I cy i -  i , - - i -  di-c ’rn tb. fore—

qoinq t~ m - ~ imat t on s  to  h~av’’ e
- n ; r ~ i si  l y r o :nflu s - n c . -  on .  ‘ i-~ ac’ruracy of 1

- - -~1cula’ ion..

- - r n-a c’’- the f r ’  n as - rn -y [ - i - . h’- : 
~

- ;  - s  ; i  i n - n ;  ;, - - c’-,l ‘ r i a .  t h i  s Ir (- in

o ~~~~~ - in;-1.i ’- .~ - - - : 1 - -u n  ~ - t ra y - n;’ ‘ ~~
- - -~~ - r’.’~- - , Ir- ’~ the  ass rzrn ’-d

I S O ’  n - - ; -  ; -  va n a - i  - t  m - ; r ‘ -  . r e n a  ( 3 , ~~ ) u,d (4 , 101 , we hay’

V — — ~ V ,‘_  — r~~ - (4 1n )
0 ‘ -

wh ey ~.
‘ is 1- - pl- a m c  v’ 1 - • y of • h ’ p a r t  i c u l a r  a a~~ -; ’’s- r n .  ~~~~~ i n  - p a - - -n -n -

i n . l  V in~~ V are I -‘ a: - an fn~rno ’ i n ns of ~ and — fr c~~ t b ,  hot ‘- -n ’ - i i  l i n e  and
0

- -ai r ’.’.- I - -it’.’’ed 2 , n~~- ~~iv ’-l y , a n Fa-:. 3. ‘7~~e ~issocrat , -ci ‘a and - i r s  found

f ro m  ‘bc i z - - m ’ p ic  v a r i a b 1 ” — c r e t a t m n ~: n .-l.i ’ rn-nt ; in ( 1 , 1 . )  and (4,10), respec t-

ively, fo r  ,i iiven “, 
— v.

a” now ~-a~~.- ~be s o l u t i o n  o ’ ‘h’- boundary va lue  l - t - c~l~le r- in the fr ’ r~r

i a-a
1 
(x 1 4—w ( a (~ x

1
— i t )

e

— — 
i x

3 — 
lR

2
x~ i (~~X~~— , t

‘—  r 2
ia-t

2
(x

3
—w ) ( r X

1
~~~ I ?

(4 .14)

L 

_ _ _

~

‘- -~~~~~~ ~~~~~~1



where s1, ‘a , and ~ -i t - ’ - the ‘ i — ; m n i f i c a n t  mn i n t s  of (4 ,b )  and (4,7) in accord-

ance with ti-it ’ f - - a .’q~-i n-a discussion , Substituting f rom (4 , 1 4)  i n t o  (4 .3) and

(4,4), we obtain

l c (W 
C~~

’
~~~ 

~ 

~ 
-i r o~- 

I 
— (4.15)

~~~2 2 )  L~2~ 
L o~

w h L’ r e

- [(~~~
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- R~~~~
’1

) (~~~~( l )  
- ~~~( l ) ~ (~~~~~( 1 )  

- 

~~~~~ 

(1

—~~~- ‘- ( 1)  — ( 1 )

- 

— i .  - - 1
~1 

a- -
~~ 

P ,~ 1)

- e~~~~~~~~ ( (R ’1 
- ~~~ 

(r .~~~’~~ - 
: ( l )

) ~ 
~~~~~~~~~~~~~~ 

-

— ~~~~~~~~~~~~ 
) : — . 1

))

-

— , 
1~~~ ~-j~( l )  

— 
~~~ ( (  

• ~ -~~(l) — ~.~~ {2 )
) ~ (a -~~’p~~l )  

— i p

- — ; — ( l )  . -‘---(1 )
— i\  V P , 

~ 
‘a~~ !’ ) l

- 
~~~~~~~ — (.‘i 

- 
( 1

) (~~~ p :2
) 

- 
~~~ ~~~~~~~~~~~( 2 )  

-

— a ,,(,i~,
2) ,

and

~

- —
~~~ 

;, ~~~~~~ , G — i. .1; ’ , (4.16)

and

~~ 1 
— ~ h

i- , , ; 1
~~ 

~~ 
h
3 ,~~;~~~~~

#
~~~ ;ft

4,2;1
s + 

T h 4 , ;;~ * ( - h 2 2 .

f iR ~~~— — \~ i - ’ — —
+ -.

~
—‘

~~~ 
h 1 2 2 . 

+ h 3 2 2 . 1  ~ —f- c
2 1

ft ~2 , 2 ; 1~ !-n~~~ .

~ ~~1. 2 ;  1’ ‘ 
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-n + 
3 6 1 ,2; 4’ 
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4, 2:4’ 
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i6 ~ 

h
-n ,
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~~ (h

21 . + ‘-i— h~, ~. ) + c
14 ~ ~~l2

’ — ‘i” i-a3,,)

+ ~ 1~-n 
( . n . )  +e 35 (h ,4, —

as ., —
+ e

11
1?. n • ~-n- 41 ’ ~~ 

-~~ i-n , . + e
14 

-
~~ h

4
,

— c,~t 
~ ~ 
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~
‘

i ’  
+ ~~~ h4,.

‘7, - -
— i~~~~ - —‘ f - —

• 
~~ h .~2. — --

~
- i- 12 •~ 

+ 
~ Y 

h , ~~~~~~~~~~~~~~~~ I I ’

• C . 1~ i~~~~~ + i--
~~~~ 

# s ’ ~~~~(i - H , . —

4 
— ;~: ( •

~~,
— ‘ ‘

~~~ 
~~~~~~~~ 

-

— ;‘ / • ~1
P — ( - ‘ ‘ ,, ‘ 1~~~ ‘ 3 ’ •  • ( - ‘ + ‘ ‘  ~~~~~ ~~~~~~~ 

_ • ‘
~) 

a 
, (4 . 1”’

- 0 - -~ A l  . \ o . 1  3
-

-

f : ‘ - - I a’ - - : ‘ - - :  - - rn • - i a n -  I • - - - n : ,- - ; r n I a n;- ; a - n i 2 - n -  , 1’ a m n -I for t i- a.-

as- -: a -’ r - . a: t - ’ - ii n ’-nl ‘ r -r- and 1’ in 4. l ’ 7 )  n ; a n ~n ; - 1 y t -y r ep l a c i ng

‘b’ h-a m a- ’- i-—y - i I : :  quan ’ i ’  a ’ - m  i n n . , i n .  m - I ; n q l y ,  u- - m ci ti - n ,- a;; r - ;- a iat

iec f - - a  ~~ - a ’. n ’

A - - - i l n u l a ’ i ’ f l  n ‘b’- n -on - - ’.- - y . -  nnm - -- ( o S  ;‘i iqat i a-iq t i - i t  iaqh tins - - - t r it -s

can nn -a. be ;- . - :  m n - -  1 y tx - u - il and s -mr a y ;. ldiriq 
~~~~ 

— 
~~~~ 

(fl -an  I - - - a t  ;s fyinq

(4 , (-i- ) , ( 4 , ’7) ann - I (4. l~~1 along w i t h  (3 .h ) and (4, ~~~~~~~~~~~ a~ n i c h n airulat ions  have

been ;“a f- -r rw- I I -r ‘1 aluninun - : t y  i; -; ‘n ST—cut -tu .- irt 7, and the di g— 

s f- ’a t h e  f r y - ’n t nirn ’- syu~~etric mode’; are a I t  t~~sj in F i q , t~ f o r

‘~~~‘ Ii - - ; :  an’ 7’ -n 1i i n s  a ’ the enI j e of a S t r i t  in t 1 t - r - -;.a~~at ion

c1 ir~~- ’ a - n  are ‘i- ni ’ - n ’ ;nni i~~y - -I *, i . e . ,

— $ , at  x
1 

= 1 , (4 .1 t~

- • ---- —- -~~~~~~~~~~~-~~~ - ---- - 
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and (3 .22), which i - -a propagation in the x
1
-dirt ’- ctin- :a may be written in the

form

c
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+ c
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+ H~~-n~~t 1~ 
+ C

% 
(11

1 2; ~~~~ + ~~~~~~ ~
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~~~~~
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~~~~~~~~ 
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~ n ’ 3

)

* ,‘ (;~ ~ • ~ • D ~~
“ t )  , — I - (4.19)I . , 1 . - , 3 - - , 1 x = -  I

ma - ‘a l,-: • hat t b , -  , ‘ - in;, ’ cond i t  r a n  (3 , 1 t-( ) ina l 4, i - i n  1w tween a plated

and u m - a ç l a t e c i  n ’ - : ;  rn ‘f ‘i - .~- - a r m -iy be s - a t  i g l  ;.‘--i ;ne :ntw i- , w e ‘ i k e  the trans—

‘,‘er qc  wayenimtk-*’ r r n - n  i-ne i n t e r  ;c’ r n - f  i n n  r n :  l i t  e-~ e iion  - - he the same as the

trlnr ,vers(’ a..a ’.- - :n- ~~1~ - n ‘ 1:- i t ~~+i.-  i a n  t he a d l , i n en  p l a t e d  r eqions , where in

accor1an~ e wi ’h the ea rli e r dis usc i ’n of the roots of (4,”’? , we have taken

i r
— 

2 
- 

~~~~~~1 
±2 1 

- 
• (4 .20)

Then si nce t he  ; m n l i  ;‘n - ’- r- - ’t- ;c vari ,ihi -r— rrestlnq relation s (3.6) are taken to

hold i n  the i n n r ’r l n r  of an u n p i a t e d  r ø q : -n  and the frequency i s  preserved , the

resultant wavc’nazmber - f •he transver se mode in the inter i o r of an unpiated

reqioti is -~nv ”n- by

_ _  

_-

~ 

~~~~~~~~~~~~~~~~
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_ t_ r 
— ~~~~~~~~ , (4 ,21)

where V and V are the straight-crested surface wave phase velocities at the

respective resultant wavena.mabers and in the p lated and unplated interior

rrsjions of the a; ray and , as no ted earli ,-r , are plotted as the curves labeled

2 and I , respectively, in Fig, 3. The prn;~,qat in n ; ;  wavena,mabe r n — f the nti-a

transverse mode in the unpiated rs - ;2 - - : n  -f the ar ray is lav en by

— f t .  
- , (4,22)

..h ich enab les  t in ’ - plaam :..- V.  ~ - -~ : y f t i - ; ’  a n t  i - n a ,a:u.’.’,-m n ; i mode i ma the unpiated

m e-s.iion t n  be - - i - t i In .- 1 f m n ~~ n

• 
_ t’_ , ~ , (4,2 3 )

The transver ’ ’ is-n ay n: ’rr . l ”-r  I:: t i - n - -  i - x t e r  a -  of an ;anp l- it - - 1 m e  : u-n of the array

is  t i~n ” : ;  to b+- ‘ i - n t  same -15 ‘ i - -n ’  -l ri .iy r :alrn l-s’ m ‘a oaf t i - n a  ama~ .de an the exterior of

the adjacent pi tt o ni m e q m - ns wi- i - r e  i n  accordance  a . - i ’ i - n  ‘he  ea rlr er discussion

f the m c-e t nn of ‘4 .61 , wi have taken

— 4 n ta i l + , (4.24)

This approx i’n -n - a , wi-n a c’h a ,lt s in any mc t rann.\’orse mode ;-ro;..lqat m g

hrc-uni i h the as -f l tin- ; n ’irray i n d e p e n d e n t  of a l l  ti-n- other transverse modes,

-erta :nnly has no real inn n;,-n i - on the accuracy of a calculat,ncn within the

framework of ‘be procedure employed.

Pa p lot  - - I  the fund a men t a l  t i an sv er s e  mod e a s  shown as the dotted curve

in Pig.” , which show s that the inflection points are a t  the edges of the strips.

. n i n - ~ the t r a nsm i t t e d  power dls ’- ri t -’ut l ot-i depends on the square of the wa ve

fun c -n $($), the transmi tted power distribution of the fundamental transverse

L - -— - - - -  
_ _
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mode takes the ~-cn aian shown an; t i - ni ’ solid curve in F’i - ; , ” , which indicates tha t

the i n f l e c t ion ; :  poin ts n n t the transverse power distr ibution are a. ’- il inside

the edges of the staips .

5 . Ref 1. en t a - -ma - -I a k.’-c t ~an- ;u  ~~~~~~~~~~

S~~~ n i n - . ’ m h  w i d ’ i - :  of t i - ; ’ St a i a - a ;  i s  i ’ .ny lam n. -- ~~‘nt tt.-;i - - a wavelength or

the sp.ac i nq n - f the ‘ ; t r a p n - , ‘1:’- .ar’ap I itt-id.’ n - I  i a n - i - n  r a m ov o r  n i -  mna - - - i , -  very nearly

vanishi’s at ti - ;’ “do’ s n -f ti - n. - s t a  r ; - s . ‘fli a s  f t - ’  i S  ‘ x ) a r b ; t i l -~‘i - r y  c lea t  l y

t i-n’ - fund ir— ’ n ’ a I m ;y~~aw ’t t i c  nn~ -di- by ‘i - n - - I n  I c-I curv’- a:; Va - a. ‘~ . As a ccnnse— 

‘ ‘his , f -- a ~ r”n m n i y .  i n  ‘ 1 ’  1 - m - . ~ I ar- ; I i ’  n ~~aa ’ I the •~naly r- i s

we tan ’- t I n .- a -- i n - - y e n - i -  “~ ~j - - - - ‘ i - n a y - - rn - - li- s i t  ti - n - - o d -: . - m-  -f ti - n ’ - a r - s , This

~T”T — ~ - ~- ;r ’ i ’ r - - :n , wh :-!; r n - i - nil ‘-- l i v  1- , ; l i q ; l  i i -  a n t i  ~~i -  -n t i - n i -  accuracy

-f a - - a l - a a l i  i- -n , ‘-- t t - - - - i ‘ -  or i- try r ‘i - n — ;- n - i l it y r e l a t i - - n s  I a traaono—

m e r  f uri n - ’  i n s  o 1-’ ito- I in. ‘ i -n e  di’ ’ ‘ i a ’- ; ;. ’ ; -  n -f ‘1 .- I - -n -  ing am; a ’ roi ’ - of

each • :ansvf’rsi’ ~~~~~~~~~ f o r  an i n . :  - ; ‘ -~ a al a’ a i r y  - t o - ,  an n ‘i - n ’ - ‘ r.im n mn ’,’i m m ; ’ -  di-

r ” -  t a - - m n , 1~n -  n lrnq ly. w i-n i-n a ‘;‘,n-nr-.- ’ a i ’  i n n : :;’ w i . -  a. n . a  •‘in x , — n i ’  ; - r- :n 10n i - --I

the f -  -r r  (x  . ,  n • a I ; - ”-j  ‘~~~~~ i~~; l i ’ - : ’ a o ~~! x —  1 , - m i n - l e n  - .  of the

~- ‘i - ~~~~~~~et ;  ic —~~Ii naa y 1 ’ - — T i ’ ’ ’’:; in ‘i - - I - atm

I ~ —
I ‘ -  — 

-

~~ I ( x 1 )c ’c-s ~~x 1 -lx 1 , an 1 , 3 ,5 (5.1)

I 
~~i-

1 — I , -w ‘
~ 

X ‘ w , f (x
3
) — ~ , x 3 w , (5 .2)

a ~~‘ 4 n’ . (~‘.3)

Thus, f~-r a ren - ’a r ;a ;lam - m r - n ’ the we iqh t inq of c i- -h propagating essentiall y

orthogonal ~y1~-rv~tric transverse sinati e i s  -: a ven i-’y n c 3 ) and the transmission

and reflection --1 each separate transverse mode may be treated exactly as

- - - _ _ ~~~~~
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a n  Ref . 7 , As an Ref .7 arid for the same reasons , we must normalize (here )

each of the transverse anodes in the same way in the plated and unplated regions.

Accordingly, we introduce the normalization conditions , which are equivalent

to Eqs. (3,9) and (3.10) ot Ref,,7 and take the form

~ (0)~ (0) +~~~(0)a ,(O) +~~~ (0)~ (0) +Q’ (0)~ (0)— i , (5.4)1 1 - ~ 3 —. 4

in the unpiated n;i-ctions - f  the  a r r a y  and

~ ( ;~)5 ((~i- • 5 (0) 5  
- (0) • ~ ( 0 5  ~0) +~~~ (0)~ (UI — 1 • (5 ,’-)I I - - .. 4

in the strips , where

I,
(0 1  — 1 ( (~- a 1 (0)  — 

~~22 
- ) ( 0)  , (‘ -.6

Eq u a t i - -n s  ( ‘- . 4 )  ar -~1 ~ , 5) a ; ’ - undera- ’n - n --d ‘ - -  t o ;  rn-s i-n ’ n d i s t i n c t  n o rm a l i z at i o n

cond i t  i ons , respect iv e l y ,  n n .  I n i a  “ a- i-n of ‘i-ni’ n transverse modes, As in p,pf, 7

we now introduce t i - n - numbeririq syst~’rn shown i n  F io . t’ . S ince  thor,’ are n—stri ps ,

thea” are 2 1; + 1 diøtinc t a s - ’~; a - - n ,m , the i its of which as denot ed o arid the last

- f which , • n 1,  Note tha ’ the odd numbered regions a;. - ;- l - a ’ .’-l ,‘ir ri the even ,

unpiated . In order I ; ’  ui - - t a m the tran sm ission matrix for each transverse mode

we consider ‘i-n - transmission arid reflect rn-n .-ac r -- s n - one typical strap denoted an

with adjacent -m:n ~-- 1 a t o - 1  rn-qions ( a n— i )  and (m~ i i - , The su r fna - e wave solution

functions - ‘f the a;-pr--xirna r .- o,~uataon’n for the nth transverse mode for the

three consecutive sections of the re fit -ct a may be written in the for’ni

1 1’ (x —r -i’d ) — i ~~ (x —z -i’d ) -r nU) -n I an n ( 2 )  rn 3 an 1$ C +( e i ”
rn— i L rn—i rn—i J

a ’ 1 x ‘~ 7 1 — a ’ ‘ii — z
—i-a m’

~~n (l) ~n 3 an —n (2) ma 3 an 1 — l i t
* — C  i- 4 1  r’
an - mm

i~~ (x -
~~~ — d )  _ a r (x — z —d) -n r n ( I )  - ma a n ( 2 )  ma 3 an ‘1 —~~ i-ttm,i LCm+i e + c 1 ~ 

-
~ C , (5 7)

_ _ _ _ _ _ _ _  
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z (m— 1H.i + d )  ( ‘ . 8)
U’

n(l) n(21 - - - -,inj C and C
r 

are the amplitudes of the positive and negative travelin g

nth transverse mode an the rth section, In accordance with Sec.4 each of the

so I nt ion I ;;nnc ’ n :ns in , ‘ I sat n -n f~~~i - 5  the ~i ;-;-a- n :-r r a t , -  r u a t  ion s  an Sec. 4 f r  the

s r  i;-s on t ti - n ,- a ’ - - ; i ‘:5 1—e w , - , n n  m l . -  c t a  it - s in ‘i-n ’- mi-n-a  i n- ’  ivi n lions of the

array p r ov id e d  l i - r i -  surface wave phase velocity dispersion curves V V(F )

and V~~~~V~
i- (~~~ ) are qrv”n by the appropriate curve in Fig.€ and Eqs. (4.21)— (4,23),

:~ ‘‘; ;-e -I  :v(’ly. T h -  -on n ditrc nn~ ton be satisfied at the lunc- t in nS between the

p lated and un;- ’.rated regions , i . e . ,  a t  x — z and x , — z 1 , are (4, 1 )  and

4, i ~ t , whach ya ’-l~i the four e~~~ at  ions that enable us to express i n  r .  rim

rn(s) - - —~~(t) -- whr! i- elim i nating ti-ac - , where r , s , t 1 , and thus obtain the
m r - I  ama

tran~~aai ss n -- a - a maul a ix . Acn - -r di n g ly, subs’ a tu t i n q  front  ( n , ’) i n t o  (4 , 18) and

(4.1 ~ tn-c t -e n~ I ; v e ly  at  x i m n d  X 7 • 1 , w v -  ‘i - t  i n n
- ‘ I ‘~ mm

i f 
- — i ~~ d

m m l i i -  n a-a ( .  ) n —n (I) —~~~ 
( )

(‘ — c  +
“‘—1 r i - n — i  an mm

i~~~d 
_ i r d

n i l ) , 
- ma 

M
s n(2) ,, ian 

— ; ~-n (1)
an mr -l n m- i n m  n a n

I — i ~
m 
£

~n(l) 
- n —n (.) - n n i l) n ()

- • + n  C’ —
tam rn -i- I im~ -2

-i 1m
~~I

; --n(I ) ’ - n 
i-

’. -
~

’m ( 2 )
~~ 

n 
— ~

n ( l )  
+~~~~

ma(2 ) 
( r 9 )m a m a  s ari n UI+l n mn +1

a. here

~ n ” ~ ~\h , 2;1 
+ ~

, 
h

2 , 2 ; 3

’

~~~ 4 c14 ~ th 3 , 2 ; 3 * h
1,2;1

4)

-

\. l ,2; ” 
— ~ h3 ,2;2~ 

+e
26 ~ 

h
4 2 2

,

- iP. — — - 1 —
+ c~~, (h

1 2 , 1 . ‘ h
1 2 .1 ’~ 

.le ,5~\
h
4 2•3. 

4’ 
~~~

__ _  _  ---~~~~- - - ~-- 
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+ e
12 ~~ i-

2 , 2 ; 4 * + e
14 (~~3 ,2;4 

- r

— 

~~~ 

(~ 
-
~~~~ 

~~3~
• — 

~ + 
~~~ 

‘

~~ ~~ + 
~~~ ~

‘
2

+ ~~~~~~ (
~u’ - ~ i- 12 ) + e

26 ~

+ ~~~ 
~~ ~~l i  

- h
334 1 + e 35(h 4~~. -

- 
/ — i~~~~~

— - — “1+ o~~~~h3
. - —

~~
— h

14
,, + i 

~ 
• _

4
•

- ~~ il~~~l l • ~ 
~2 

i- 11 
+ 

t~(-n ~ 
+ I

• — i~~~~~ — — “a+ - - 1
h . • — - -  h

41 . + h
14~ — 

~~~~ 
h

3~~.

— i~~~— V’a+ ~
‘-
~~~~~ - h . * —~~— h 2~~. + h~~~. — —i’- h

1~~ -

+ i.h’ ~ ((i + (~~ , ~~~~~~~~~~ 
-
~~~~~ (0~~ ( 0 ) ’  ‘-~~ n ’. ( ( 1 ) (~~- ‘~~~ I I

~~‘ (C)~~1 (0)  + —ma ‘~ ((l )~~~ ( - 1
”

+ a 2 h ’~ ( ‘ - ~ ‘ ) ~~ ( f l t~~~ (0) - 
~~ 

( 0 i -
~~i 

( C ) )  ~~r 
~p )

where all the at - ;- ? n a ’ .- - - p m - a n t i t a ’ - s  on t i-n .- rrqi -ia—hand side are understood

ton be for the n ’h t r ansve r se  mode and for convenience we have suppressed the

n arid “ reduces i - a -  M when h’ — 0  and the dimensionless m a t e r i a l  constantsma n

c °  c~~6 ~~~~~~ e~~~/%~~~~~€
2~ 

~ ij ~~~~ lj ~~~22  ‘ 
i (‘-.11)

ha ve been introduced , Soivinq the four linear algebraic equations in (5.9)

for ~
n(r) 

in terms of C’”~~ , we obtainm+l m-l

— ~~ T C ~~~~
i- 

, (5.12)
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where
i i  f-s~F d)

— 
- ~~~~

M
r)~~~~n

_ M
n

) t *  
fl 

- fl 

-

i (~ d—~ I)-,
+ (M’-~~’ i - ( M  - M  )e ‘ ~ / ( M M  )(~~~— Mn n n n j n n n n

i (~ 1—P d
,i, ( l

~~
) 

— 
1’
(M” — M  ) ( ~

“ - f 41 )e 
-n n

L fl n ri

— i  (~ 
1+’ d) - ,

+ (u  — ) (M — M ~ ~‘~-a - n 
, (M’ — M ) ~ “ — M

n an fl n — n n a .  fl

r i ( ’  ~~~ d)
— a M - M ) ( M —~~

’)c 
-n n

i _ ~~ 
_ i _
~ 

i _ _

• ( “ ~ 
— ) (M — u a , -  

- ma ~ 1 / ~~~ 
— 

~ 
— , )

a ma an fl n an  T . fl S

- - i V  i~~s d )
( . . i- f’ ’- -m ‘ a. - n

T — “ - M ) ( ~~
‘ -

~~~~ ) i -
In ‘. n n  - ma

—a ~ g’ - , n 
~)

• (~~ 
U (M

’ 
—

~~~~ 
) fl / _ M

• 
-

~~~~ 
)(~ ~~ 1 5 1~~)n ‘ j  m a - - ‘ S

which -;)a- -ws thi ’ T
(T 

as  - m r r t  a u ’ , At  l i - a s  ;~~ - i -  • i ’  a ’ . 1- ‘1 c a n .  . t  nona l

and c- - maven a i ’an ’ ‘ ‘ n i; -~ - - ss the i rid a - . - ‘- ‘ - a mm ‘ i - n i -  . 2 ma. . t a ix T
r 

- - )  
ira - i i

5 ( a )  n ( s )
co it~~n v,’ctonm S 

- 
- - m d  C an -i  a. - - -

~~~~~~ ma - i

— T - . ( ‘ .14)m n + I  an m a — i

Since i--i n s  -arn -a ly sas i - n - - i Is f- v- m i - a - - t a r :  - ~~; ;  1 ica  1 — n ,  -~~~~ (‘-.14) successively

across all ‘i-n - r a ; S t a n  t i - n . -  array a - -r • I . I i n - ‘ - las - y n v— i ~a;

q ‘ ame s
C - T T T T  ....TC . (‘-.15)2q fi n n s .  n o

(2) n( itn x~~~e C van i sh e s  and C — -
. a is kne ’wmn where ( as the a~~~l lt u d e

2q 0 n

of the r .- r - ’ am a r - a l a r  ‘ - ; - I , (5 . 15)  c o n 5 t a t - n os two linear inh ~~noqi’neous alge-

braic • - p i at  i nn ’; in and ~ w ’r n i a - ’i- may r ’- - i n  iy  be solved , “4-ar

- (rs )
specifically, i f we define :n by

s~~
’
~ [T’~J~ (5.16)

— —~~~~-- -
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the mdtrix eql,a - at;n-mm (5.15) yields

— — (S 
(~l1 ~~~ )C

!
~ 

( 1)  a n ( i i -  
— Is 

(11)  
— ~~ 

~~~ a . 1 )
~~~n; 

(2. 
J ~~~ , (5 . 17)

0 In fl 0 , 1 Si fl In an n

wh;.-h ;nvos ti - n - - ampli tudes (
( )  

and c - a ( l )  
of the nti-a transverse mode reflected

0 2q

Ira. ’, I a insrna tt i - I , ri ’m- pI-ct a v i - ’ i y ,  i n ;  t erms  n f the ampi atud e of ti-on ’ incident trans-

versely urn : fc-n a rm n-na  .a- . w ay , - , ‘ alcul a t ions may rn -a. readily l~i- performed .

When a cal -ui.. ’ i -- a: 1:-as 1 -- t a’ ;4-rf -. - rtm-d , t i - n ’ -  power r e f l i -c t  ion n n - . - f f  i c i e n t  R

r ti - ni nth a nm-- n v.’ a o - m xie I- -I a n a l by

R~~- l f l  i n ~~~ .. . 2 L (2 n i l )  n:( l )~~1 (5,18)

,m n l  t i - n -  ;- -w - - a  — ‘ , m’n ; n n a : i - n n  - - I l  a c li-na T I - - a li - n - - n . ‘i- n ‘r tmns v ’ -ms - m a - - i i -

— 1 0  I-~ ; 
s (1) nn (1) ,~

n (1I
~~
n (i i-

I
)

1 2 - ;  
~~~

-
; o 0

1 -  ‘1 a n n i - i - ’ , ‘n- i’,’ m e - i - h ’ ’,’ i- -i- v ’ v i l  n a ’ .’ I , ~~- .-u 1y ,  ‘ i - a  c a l c u l a t e - i -  m , - a n n-a-nse as

‘ i - n i -  s ‘a; le - a r  f i l l  ‘ i - n ’  a ’ - ’l - - n ’ ; - mn Ira ; i ’ a i - l ’ - ’ - a ’ - - - n i ’ i n q  f r - -ma ti - n -- - a ’-n~~anqu1ar

‘ r n : ’ — i -n i  i- n a s  r .t i - i l l y  n~ ’ i ’ i S  a m i ’ a n ; - , a a -  I a n  -i ‘y~ in -a l n - m im i- in . wave ri - a n - : . —

a .-x ;~ ’r ma ’-’ ‘ , ~~ : ‘ t i n s ’ m a n n a -  s’, -ma—--- ‘ a n n  r~ -.ii-s; h-i’,” ~. - a . in c i - . ; - i i—d i an a l l

- - . i - n n I . m ’ i - -n f l  ;- .  a t  yr.’- 1 1 ’ a ’ - , Ca l c~~ ~~‘ i - n ~ In ,m v .-  I - - i ’ m n ;s- r am— - a I a a s u n  ~ 

-. -i’,-~ - ‘ ‘- f l . ’- - co ma s a g’ m g  01 OD al  - - - - ‘ a : ~ - , 10 , 000 ,~ 
‘ - - ‘ ni- - pon an i ‘ v - - I  on

• -
- ni -  ~~ , im a - r ’ . a l - . r i n . ;  - a~ - 

‘
~ - ‘ - ‘ i - n  I t  - -y - f

t-jr I a’-~ :- al ma - — I ’ is  - a . 7 ‘ii: - ~~ . ‘ ‘a l l  • n a n u  n w - - n  a - - I  1vx~~ i a  an - I I  icient is

a -I ‘• e . i-  ira  F; a , ‘ , ~~ C r a \ ’.- I ’ - n m  l y a -  -.“ - al~ ‘ ‘  - x n ? n ’ . - m m e - I small resonance

n.- -i’ c - - - a  n ;  a m - . )  ‘- ~~n ’ ~~i a~ . f r ’ ’  f l i ’ - ? n -  -y S n  I. - ‘1 ‘1 , I - a n - n  i’— - - . a l  r e c - - n an o -  whach

- i--s “ m y . ’ 1 1 ‘,
- :~ a: I ‘- - m n - I  

- 

~ calculi ’’ I - m a n i 5.PeS ni --a ~~a1 ized

U i • I a “Sp~’ 
- 0 ‘i - m r ‘ a n  Ira ”?:  a 1 m - - ‘na m a- - v a a - ri~~ pa i-i - I w i • i- a v- measured

‘S  - f S’  i ; 1 - - s -in-i nary ’ ~~ 1 
r a n  T m 1  1 ’ -  I . The cairul m ’ “d ‘, ‘aiur- s ‘are sewn.-’ —

wha ’  belcvw t i -n- -  ma v-- a tn a n i - --  I v . i i a n r - s , W.- believe ‘I-’- agreement w, —~i id  be improved

- nsa i-’ -r ah iy a f  a mm- a ”  i - ural’.-’ - l n s ; ’ v — r s t n - n n  u a ’ .’e f t  t i - n v ’  ~~1- n a m n r n air’ film - -an ‘hr

_ _ _ _ _  - - -~~



i -  a.’ a r ‘-~~~ - i ~~ y e n i -  l~~Cause t h e  f .  :r - thxckmnt ’~~n ; — m n - — a . . i ’ , a -  1’ aauti - n ratios

won--i an  ‘h e -  , x n-v-a m ann-n’ . a. a -  a 1 m m  t le too ‘, .t a - a i - a I t i - n . -  m - - s a ’ m n . o n - _ t - - . I n - ?  ‘hi’ i - ni a n

aIm - a n - a m -  xar — .i ’ i -- a r ‘ - m m ; - i n ay i ’ -) l a n  •I;,’ c a - -n al.a t roans . I a n 1’ ;.: . 10 a . , -  have ;- U -t t e n I

t~ on-  a r - n i  n I n a . : ’  t a - i -  or a t - t I  , ‘n ’ a - a ’ . - - , - t i - i a r, -nt a; le a ‘i - n f ’ , im nn inm ni- an l •ai anode as

a ~-.a m n - ‘ion - I ‘i - n ’ - a. nrni -’ r - I sa a nj-s al - -a: - : wi I. li - na ‘ - t m - -  n nru m n t r ’ i ’ s -l t a m ed

I r oan- n: a - ‘ i n  l a - n  s’ ‘ :1. ’ —C a ’ - .t~ -d . in a a l y:n ra ; , :t  as - 1 -  a m fr -- ri ti -u f a u n a . - -  that

i- n ’- v i a  l it - a - - .a • r- - 51 V • ar - i t - -1 t i - n , - m i  cu I ‘ - . ‘i-. i s  a n n u m - - a u  1 1  of ti - n i- newly

l ’ -l a : n , - .I  sa a n ; - :l n ’— a - -s ’ -1 a )  a’’ i - - a t  i - -s na n ~~ . a s l a m i- I an - I a i a a ; ’ l a t ’ -  a r eq i o n s

e t ‘ i - n -  i n  a t y .  F i  a n : : ’  - - — 1  , a t a ’ , ~y ,  - - a . t  .1; n - -a~- m ‘ a n 5n mrm n a a - - T I , p ower

- ‘ : - an Co. ‘ 
~
‘ n - n — 5 tan - a ‘1 - - i -nufl. -’ - a - a - f 1 en I • - - t v , - , all f a i - i - ni

a’- ’ - -  ‘ i l  ‘ i’ m.’,’ ’-  a I;,’ mm- — t i

A ‘ n - - w I ’ -  i - ’ i ’ ” - ‘ ~~~
—

~~.
- w a- a l - . ‘ ‘). a r~ n ~~~~~~~~ a - a 1. -I ;- wi ’i - ‘i - n- c--lcula i- -ms ,

-‘ 
~s w-~ n a. a ’ n - - n:-: - a ’ - a n  - ar ’ i--y ‘ i - n ’ -  C I I  m n c  -f ‘- .a ’,’.aI F -~m - ) n  a n na - i ’ m
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